


Foundations of artificial intelligence finance

2.1 Theory of Portfolio Choice and Asset Allocation

Portfolio choice and asset allocation consist of deciding how much share of a portfolio
to allocate to different individual securities or assets such as stocks, bonds, and
commodities. Different heuristic rules exist, such as equal weighting (the same financial
amount in each asset) or market weighting (proportional to the outstanding amount in
the market). More advanced allocations account for expected returns, asset teturn
volatility, and return correlations.

2.1.1 Preferences, Risk, and Expected Utility

Starting with a couple of principles, the axiom of continuity and the axiom of
independence, it is possible to show that the preferences of an economic agent can be
modeled by a Von Neumann-Morgenstern expected utility function of wealth (or well-
being) w:

N
Bu(w) = ) pras(w)

which is a linear combination of economic outcomes U(w;) and the weights are the
probabilities p; of these outcomes (Gollier, 2004).

The continuity axiom states that if an agent prefers a risky asset A to a risky asset B to
a risky asset C, there is a linear combination of assets A and C such that the agent is
indifferent between that combination of A and C and the single asset B. The axiom of
independence states that if an agent prefers asset A to B, then she will still prefer a
combination of A and C to the same combination of B and C.

The utility function u is typically increasing because an agent prefers more wealth than
less, and it is concave because the agent prefers more certainty than less for the same
average outcome. It is represented by Jensen’s inequality that states the expected utility
of an uncertain outcome is lower than the utility of the expected outcome:

Eu(w) < u[E(w)]
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This also implies that there exists a positive number 77, the risk premium, so that:

Eu(w) = u[E(w) — 7]

E(w) — m is the certainty equivalent.

If the utility function was linear, we could invert the utility function and the expectation
operator, and the risk premium would be zero. There would be no risk premium.

If the wealth takes the form w = wqy + y, where Y 1s a random variable with mean
zero, The Arrow-Pratt approximation (Gollier, 2004) shows, using a Taylor expansion
around 0, that the risk premium can be written as

=~ 0.5E(y*)A(wy)

_ wr(wy)

is the coefficient of absolute risk aversion.
wu(wo)

Where A(wp) =

If the wealth takes instead the form w = wg(1 + y), where y is a random variable
with mean zero, then:

m ~ 0.5E(y*)R(wy)

The higher an agent’s relative risk aversion R, the higher the risk premium.

1f the coefficient A(W) is constant we can solve for the utility function, it can be shown

that the function u(w) = — exp(—Aw)

(CARA), has a constant A.

, also called a Constant Absolute Risk Aversion
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2.1.2 Static Portfolio Choice and Asset Aliocation

2.1.2.1 Mean-Variance Optimal Portfolio

One way to build a portfolio is to use the mean-variance portfolio analysis of
(Markowitz, 1952). We need to estimate the expected returns of each asset, the
covariance matrix of the assets, and solve the portfolio weights by constrained
quadratic optimization.

Suppose W is a vector of portfolio weights, i1 the vector of expected returns, and X the
variance-covariance matrix. In that case, the investor wants to maximize the portfolio
return under some risk constraint or minimize risk under some return constraint. She

wants to solve the following:

max,, w'u

wiw < o?
Or equivalently
max,w'y — Aw'Zw

The solution is w = 2—112_.' ~1u and the portfolio weights have to sum to a value W then

i— 1’271y = W and 1’ is a vector on 1s. Then

X
W=——

12 1u
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Sector MV Allocation
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Figure 2.5. Mean-variance sector portfolio weights
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Sector Minimum Variance Allocation
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Figure 2.7. Portfolio weights the minimum variance sector portfolio

The advantage of this portfolio is that we do not need to estimate the expected return

of each asset. The vector of expected returns {4 does not appear anymore.

There is still the remaining challenge of estimating the variance-covariance matrix,
especially when the number of assets is large and when the asset volatlities and
correlations are time-vatying.
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We can rebalance the portfolio at different frequencies to maintain equal weighting.
This rebalancing can be very costly if there are too many assets, say all the stocks in the
investment universe, in the portfolio, including very small and illiquid stocks.

Though equal-weighting is a relatively unsophisticated way to build a portfolio, it is
often surprisingly effective when the assets are not individual assets but rather
portfolios. (DeMiguel et al., 2009b) compate the 1/N portfolio strategy with 14 optimal
portfolio strategies using different sets of assets:

® Ten sector portfolios of the S&P 500 index and the US equity market portfolio
® Ten industry portfolios and the US equity market portfolio

e Eight country indexes and the World equity index

e SMB, HML, and US equity market portfolio MKT

e Twenty size and book-to-market portfolios and US equity MKT

e Twenty size and book-to-market portfolios and US equity MKT, SMB, and
HML portfolios

e Twenty size and book-to-market portfolios and US equity MK'T, SMB, HML,
and UMD portfolios

e Simulated data with 10, 25, or 50 portfolios

They find that none of the 14 portfolio strategies consistently outperform the equally
weighted strategy regarding Sharpe ratio, certainty-equivalent return, or turnover
because of estimation errors.

(Yuan and Zhou, 2022) discuss how estimation risk arises when implementing mean-
variance portfolio optimization due to the need for accurate estimates of asset returns
and covariance matrices. Several strategies have been proposed to mitigate this risk.
The 1/N investment strategy, which allocates equal weights to all assets, is compared
with more advanced strategies in estimating risk. Surprisingly, it is found that for
portfolios with a large number of assets, the estimation window needed for advanced
strategies to outperform the 1/N strategy is impractically long.

They find that the 1/N rule can be optimal when there is one factor that prices all
assets with diversifiable tisks. In such cases, the 1/N portfolio is equivalent to the
factor plus idiosyncratic risks, making it optimal for large portfolios. The theoretical
findings are illustrated using empirical examples, including a calibrated economy and
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applying the 1/N rule to selecting stocks from the S&P 500. They propose tractable
portfolio tules that can outpetrform the 1/N rule under certain conditions. They
examine cases where N is smaller relative to the sample size T' and cases where N is
greater than T.

2.1.2.5 Risk-Parity Portfolio

The risk-parity portfolio allocates the risk to each asset so that the asset contribution
to the total portfolio risk is identical. Because portfolio risk is 2 homogeneous function
(a doubling of the portfolio size doubles the risk), we can apply Eulet’s equation that
states that the volatility is equal to the sum of weighted derivatives of risk with respect
to the portfolio weights:

Mz

Wi awl
i=1

The portfolio risk contribution (PRC) of each asset i is PRC; = w; %

N
= Z PRC
i=1

The risk parity portfolio will make all the PRC; equal to 6/N. It ignores the expected
return of each asset. It will leverage up the low-tisk assets (with a low marginal
contribution to risk) or underweight the riskiest assets (with a high marginal
contribution to risk).

In the particular case where all the asset correlations are equal, it is possible to show
(Maillard et al., 2010) that the weights are equal to the inverse of the volatility of each
asset, normalized by the harmonic mean of the volatilities. Thus:

Yo
Z 11/g;

w; =
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2.1.2.6 Risk Budgeting

Risk budgeting is traditionally used in the context of a portfolio evaluated against a
benchmark index (e.g., the S&P500 for a large-cap equity fund or the Bloomberg U.S.
Aggregate Bond Index for a fixed-income fund). The standard deviation of the
portfolio excess return vs. the benchmark is called the active risk. A portfolio manager
will optimize the active risk by allocating risk across the different securities in his
portfolio. This is the risk budgeting allocation procedure.

(Cetingoz et al., 2022) discuss risk budgeting portfolios in the context of modern
portfolio theory. They explore mathematical results related to the existence and
uniqueness of risk budgeting portfolios for a wide range of risk measures. They
demonstrate that, for many of these measures, computing the weights of such
portfolios can be achieved using standard stochastic algorithms.

They highlight Equal Risk Contribution (ERC) as a widely adopted Risk Budgeting
method, where risk budgets are distributed equally among assets. ERC portfolios are
appealing because they are less sensitive to covariance mattix estimation errors.

They present mathematical results demonstrating the existence and uniqueness of Risk
Budgeting portfolios for various risk measures. They use a convex minimization
problem and show that, up to rescaling, the condition defining Risk Budgeting
portfolios can be met. They use standard stochastic gradient descent (SGD) algorithms
for computing Risk Budgeting portfolios. Their approach is applied to a wide range of
risk measures, including deviation measures like volatility and spectral risk measures
like Expected Shortfall.

In a dynamic investment context, (Jaimungal et al., 2023) propose a concept called
“dynamic risk contributions,” which extends traditional risk contributions and allows
for a recursive calculation of risk contributions.

They define dynamic risk contributions using Géteaux derivatives (a generalization of
the directional derivative concept in multivariable calculus), primarily focusing on the
class of dynamic coherent distortion risk measures. This approach allows for precisely
measuring how each asset contributes to the overall risk over time. It introduces
dynamic risk budgeting portfolio strategies, where the risk contributions of assets are
predetermined percentages of the future risk of the strategy. The authors prove that
any self-financing dynamic risk budgeting strategy with an initial wealth of 1 can be
expressed as a scaled version of a unique solution to a sequence of strictly convex
optimization problems. To solve the sequence of optimization problems efficiently,
they develop an actor-critic approach that leverages deep learning techniques.
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Asset pricing models can be used to improve the performance of portfolio selection
algorithms. (Pastor, 2000; Pastor and Stambaugh, 2000) study the problem of portfolio
selection in the presence of asset pricing models. They propose a new approach to
portfolio selection that is based on the idea of using asset pricing models to estimate
the expected returns of assets. They show that the new approach can be used to
construct portfolios that have higher expected returns and lower risk than portfolios
built using traditional methods. They apply the new approach to a sample of US stocks
and find that it produces portfolios with higher expected returns and lower risk than
portfolios constructed using traditional methods. The authors also find that the new
approach can be used to improve the performance of investment strategies.

2.1.2.8 Robust Portfolios

Financial models rely on many assumptions and estimations of financial variables, such
as expected returns and covariance matrices. (Raponi et al., 2021) present a normative
theory for constructing mean-variance portfolios that are robust to model
misspecification. They identify two types of portfolios: an “alpha” portfolio, which
depends on pricing errors, and a “beta” portfolio, which relies on observed factor risk
premia. These portfolios, when combined, form mean-variance efficient portfolios.
The study argues that misspecification in these portfolios should be addressed
differently due to their distinct economic properties.

The key insights from this research led to a significant improvement in out-of-sample
portfolio performance, with a particular focus on the role of latent asset demand. The
authors emphasize distinguishing between alpha and beta components and addressing
misspecification separately. They also demonstrate that as the number of assets in the
portfolio increases, the alpha portfolio's elements dominate, making it crucial to handle
misspecification in this component effectively.

Their theoretical foundation relies on the Arbitrage Pricing Theory (APT) and
emphasizes the significance of asset-specific pricing errors, challenging traditional
models focusing solely on pervasive risk factors. Empirical results indicate a substantial
enhancement in portfolio performance, especially when accountiﬁg for latent asset-
specific risk. The study highlights the APT's ability to handle model misspecification
and suggests different approaches for alpha and beta portfolios.

2.1.3 Dynamic Portfolio Choice

(Merton, 1971, 1969) solves the problem of optimal investment and consumption in
continuous time. The portfolio weights can be adjusted through time, which is
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relatively small compared to the negative hedging demand for stocks due to changes in
interest rates or risk premiums.

(Moreira and Muir, 2016) introduce a trading strategy called “volatility managed
portfolios” that adjusts investment allocations based on the previous month's realized
variance of assets. Their strategy aims to dectrease tisk exposure when the variance is
high and increase it when the variance is low. The volatility-managed portfolios seek to
exploit variations in asset volatility over time. When asset volatility is high, the strategy
reduces risk exposure, and when volatility is low, it increases exposure. The authors
find that this simple strategy generates significant positive risk-adjusted retutns (alphas)
across various asset pricing factors. These alphas indicate that investors can benefit
from timing volatility.

The strategy's effectiveness is demonstrated across asset classes, including equities,
currencies, and factors like value, momentum, profitability, etc. The utility gains from
using the volatility-managed strategy are substantial, potentially increasing a mean-
variance investor's lifetime utility by a significant percentage. The strategy is also
applied to portfolios constructed from multiple factors, with positive alphas observed
consistently. These portfolios expand the mean-variance frontier. The results are
robust across various factors, time periods, and multifactor combinations. The
strategy's efficacy is not limited to specific asset classes or timeframes. The strategy is
shown to have performed well during various crisis episodes, including the Great
Depression, the Great Recession, and the 1987 stock market crash.

In the same line of work, (DeMiguel et al., 2021b) challenge the traditional finance
notion of a strong risk-return tradeoff by showing that investors can improve their
Sharpe ratios by reducing exposure to risk factors during periods of high volatility.
Previous studies have discussed the benefits of managing volatility in individual-factor
portfolios, but this study introduces a novel approach by proposing a multifactor
portfolio that adjusts its weights on each factor based on market volatility. The authors
find this strategy outperforms unconditional multifactor portfolios even when
accounting for costs.

Their conditional multifactor portfolio significantly outperforms its unconditional
counterpatt, indicating that estimation errors and transaction costs do not explain the
gains from volatility management. The performance improvement is attributed to
trading diversification, optimizing for transaction costs, and varying the relative weights
of factors based on market volatility. The risk-return tradeoff for individual factors
weakens as market volatility increases, providing a rationale for the effectiveness of the
conditional multifactor portfolio. The study explores the asset-pricing implications of
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It has a global perspective, investing in markets, countries, and currencies worldwide
to capture opportunities for growth and value creation.

Key points regarding this investment strategy and mandate include:

o Evolution and Oversight: The strategy evolves over time through expert reviews and
analysis, with significant changes requiring parliamentary approval. The goal is to leverage
the fund's long-term horion and substantial size to generate strong returns.

®  Mandate: The Ministry of Finance issues a management mandate that specifies the
markets, asset classes, and risk parameters within which the fund can invest. The mandate
also defines the benchmark index against which the fund's performance is measnred.

e  Benchmark Index: The fund uses a benchmark index based on indices from FISE
Russell Group and Bloomberg Barclays, with fixed weightings of 70% in equities and
30% in bonds. However, the fund constructs a portfolio that deviates slightly from the
benchmark to optimize returns, meet environmental and fiscal criferia, and ensure €ost-
effective management.

e  Equity and Bond Allocations: The fixed-weight allocation between equities and
bonds may drift due to differences in price movements. There is a limit for this drift, and
rebalancing is required if it excceeds a set threshold.

e Investment Strategies: The fund employs a muxc of strategies, including market
excposure, security selection, and fund allocation, across equity, fixed income, and real asset
management. These strategies aim to manage risk and optimize returns while considering
the fund's unique characteristics.

o  FEquity Investments: The fund, as one of the world's largest sharcholders, uses
strategies for efficient market exposure and fundamental research. 1t seekes to avoid
mechanical benchmark replication fo reduce trading costs and actively manages its equity

portfolio.

e Fixed-Income Investments: The fund invests in various government and corporate
bonds and tatlors its strategies to different bond segments. The goal is to build cost-effective
portfolios while capitalizing on opportunities at different levels.

® Real Assets Investments: Real estate and renewable energy infrastructure
investments aim to diversify the portfolio. The mandate sets guidelines for these investments,
allowing a specific allocation to unlisted real estate and unlisted remewable energy
infrastructure.
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o Principles are established for measuring and managing market risk, including systematic
risk_factors.

o Multiple methods are used to estimate risk, and stress tests are conducted based on
historical events and futnre development scenarios.

»  Expected tracking ervor is calculated and approved by the Ministry.

o Extreme event risk analyses are integral to risk management.

Section 3-4: Measurement and Management of Climate Risk
o Princples are established for measuring and managing climate risk.

o Multiple methods are used 1o estimate risk, and stress tests are conducted based on future
development scenarios, including a 1.5°C global warming scenario.

Section 3-5: Measurement and Management of Credit Risk

o Principles are established for measuring and managing credit risk.

Section 3-6: Measurement and Management of Counterparty Exposure
o Principles are established for measuring and managing counterparty exposure.

o The Bank has procedures for selecting and evalyating counterparties, setting exposure
limits, credit rating requirements, collateral management, and netting arrangements.

Section 3-7: Measurement and Management of Leveraging

®  Princples are established for measuring and managing investment portfolio leveraging,
including implicit leveraging through derivatives and reinvestment of cash collateral.

Section 3-8: Secutities Borrowing, Securities Lending, and Short Selling

o Guidelines are established for securities borrowing, securities lending, and short selling.

Section 3-9: Reinvestment of Cash Collateral Recefved
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2.2.5 The Difference between Theory and Practice

(Cochrane, 2021) highlights the gap between academic portfolio theory and actual
investment practices. While academic theory, based on Merton's work, suggests that
investots should build portfolios using factors and state variables, real-wotld investors,
including institutions and endowments, tend to rely on more straightforward methods.
They often categorize investments into buckets based on asset classes and industry
sectots, allocate funds to different managers, and evaluate performance based on short-
term returns relative to benchmarks.

Despite the theoretical foundation, Merton's approach has had little impact on
portfolio practice. Institutional investors often fail to implement state-variable hedging,
and their strategies are not aligned with academic theory. The study also mentions the
lack of success in active management despite high fees, which contradicts academic
findings.

Cochrane raises questions about the disconnect between theory and practice and
suggests that both sides may have shortcomings. He proposes focusing on the stream
of dividends and taking a general equilibrium perspective to align theory with practice
better and address the challenges of implementing Merton's portfolio theory in the real
world. Ultimately, he calls for reevaluating portfolio theories and approaches to bridge
the gap between academia and investment practice.

2.3 Al and Portfolio Choice and Asset Allocation

2.3.1 Risk Assessment

AT can be used to select an optimal portfolio and asset allocation. In the simple
implementation of portfolio theory, investors need estimates of returns and risk, as
measured, for instance, by volatilities and correlation. Forecasting these numbers and
adjusting them to changing market and economic conditions are special tasks that an
Al is well-designed to do.

Forecasts can be made for long time horizons and be used for strategic allocation. They
can be made for weekly, monthly, or yearly horizons for more tactical asset allocation.
Some sectors, countries, and assets can be overweight or underweight, depending on
the predictions. Al can help select which asset should belong to the portfolio and the
costs and benefits of holding these assets.

Al is particularly useful when assets do not follow the simple distributions assumed by
financial models, such as a log-normal or normal distribution, or if their distributions
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impact of her portfolio in addition to the pure financial return. ESG considerations
such as climate change (Chapter 9) might be critical to the investor. Using the same
logic as recommender systems and leveraging characteristics of the investor (age,
wealth, income, retirement objectives, risk tolerance, etc..), an Al could suggest assets
to include in a portfolio.

An investor might also be very uncertain about the traditional portfolio models and
wish for a more robust optimal portfolio. Model parameters might be highly uncertain,
and an Al could guide her toward a better portfolio. Portfolio models that account for
uncertainty aversion tend to be more complex, and Al could help in their practical
implementation.

In the same spirit, Bayesian portfolio analysis and other more advanced portfolio
optimization techniques might be less straightforward. An Al could elicit priors from
investors to perform Bayesian updating and calculate portfolio weights consistent with
their views. More advanced models than the Black-Litterman model could be
implemented without the expertise of Bayesian statistical analysis.

Transaction costs, liquidity, and sometimes taxes are important practical considerations
easily incorporated into traditional portfolio and asset allocation models without very
simplified assumptions such as constant proportional transaction costs, especially over
a long-time horizon. Al can help solve these problems with simulated data and
techniques such as reinforcement learning.

Another area of application is the simulation of other portfolio allocations. Demand-
based asset pricing has documented the importance of flows buying and selling
pressure on assets. One’s portfolio is affected by the portfolios of other investors. To
the extent that the portfolios can be observed or inferred (by 13F filings, for instance),
an Al can simulate or forecast the rebalancing of these portfolios under different
scenarios or market conditions.

For large portfolios, (Ao et al., 2019) propose a new methodology for estimating the
mean-variance efficient portfolio. They call their method the maximum-Sharpe-ratio
estimated and sparse regression (MAXSER) method. The MAXSER method is a
general approach that can be applied to various situations in which the number of assets
in portfolios is not negligible compared with the sample size. Under mild assumptions,
the MAXSER portfolio can asymptotically (1) achieve mean-variance efficiency and (2)
satisfy the risk constraint. To the authors' knowledge, this is the first time that both
objectives can be simultaneously achieved for large portfolio optimization.

89






Foundations of artificial intelligence finance

The authors collect a dataset of historical stock prices and other financial data. They
train a deep neural network to predict future stock prices and use the trained neural
network to identify the most important factors for portfolio optimization and select
optimal portfolios in real-time. They evaluate their approach on a real-world dataset of
stock prices. They show that their approach outperforms traditional portfolio
optimization methods in terms of both return and risk.

(Jensen et al., 2022) integrate machine learning with traditional portfolio optimization
techniques. They argue that traditional portfolio optimization techniques are not well-
suited for the modern financial markets, which are characterized by high levels of
uncertainty and volatility. They say that machine learning can be used to improve the
performance of traditional portfolio optimization techniques by providing more
accurate forecasts of future returns and by allowing for more flexibility in the portfolio
construction process.

They propose a new framework for portfolio optimization called the “implementable
efficient frontier.” The implementable efficient frontier is a set of portfolios that are
efficient (i.e, they maximize expected return for a given level of risk) and
implementable (i.e., they can be constructed without incurring excessive trading costs).
They show that the implementable efficient frontier can be constructed by integrating
machine learning with traditional portfolio optimization techniques. The
implementable efficient frontier outpetforms the traditional efficient frontier. The
authors also show that the implementable efficient frontier is more robust to changes
in the market environment.

(Chatigny et al., 2021) also use deep learning but with a focus on attention-guided deep
learning. They identify the most relevant stock characteristics that can define a
stochastic discount factor (SDF) or pricing kernel, which, in turn, helps construct an
optimal mean-variance efficient portfolio. The attention networks in this deep learning
architecture are designed to mimic human-like thinking, identifying fundamental and
non-redundant characteristics that contribute to long-term portfolio performance.

They use a no-arbitrage assumption to train their neural networks and show that their
approach performs well out-of-sample, achieving a high Sharpe ratio and alpha. They
also assess the economic gains of the portfolio after accounting for trading costs,
demonstrating that significant gains remain, especially when excluding certain stocks
based on market capitalization.
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